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DEVWUDFW
L vwxg| d prgho zkhuh Lqirupdwlrq Whfkqrorj|/ zkloh w|slfdoo| lqfuhdvlqj
ryhudoo lqhtxdolw|/ lv olnho| wr kdup vrph shrsoh dw lqwhuphgldwh dqg kljk ohy0
hov ri wkh glvwulexwlrq ri lqfrph exw wr ehqhw shrsoh dw wkh erwwrp1 Zlwklq
d jlyhq rffxsdwlrq lw pd| kdup vrph zrunhuv zkloh ehqhwwlqj rwkhuv> dqg
lw pd| hlwkhu uhgxfh ru lqfuhdvh wkh sursruwlrq ri nqrzohgjh zrunhuv lq hp0
sor|phqw1 Lq p| prgho/ nqrzohgjh +lq d eurdg vhqvh, lv dq lqsxw lqwr wkh
surgxfwlrq ixqfwlrq ri kxpdq fdslwdo/ dqg lv dovr d txdolw| jrrg lq wkh
vhqvh wkdw rqh fdqqrw ex| lw iurp vhyhudo orz0txdolw| surgxfhuv lqvwhdg ri
rqh kljk0txdolw| rqh1 Shrsoh glhu lq wkhlu h{rjhqrxv delolw| dqg delolw| lv
frpsohphqwdu| zlwk wkh txdolw| ri wkh nqrzohgjh lqsxw lq wkh surgxfwlrq
ri kxpdq fdslwdo1 Dq lpsuryhphqw lq LW lv prghoohg dv dq lqfuhdvh lq wkh
qxpehu ri shrsoh zkr fdq ex| nqrzohgjh iurp rqh surgxfhu1 L vkrz wkdw
wkh hfrqrp| rujdql}hv lwvhoi lq d vxffhvvlrq ri foxvwhuv ri delolw| ohyhov/ fdoohg
nqrzohgjh odgghuv/ zkhuh d phpehu ri d jlyhq odgghu ex|v nqrzohgjh iurp
d zrunhu lq wkh vxevhtxhqw odgghu dqg vhoov lw wr d zrunhu ri wkh suhfhglqj
odgghu1 Wkh uhwxuq wr kxpdq fdslwdo lqfuhdvhv dv rqh pryhv xs wkh nqrzo0
hgjh odgghu1 Wkh hfrqrplf phfkdqlvp frqvlghuhg khuh uhvwv rq wkh ylhz wkdw
LW pdnhv wkh dftxlvlwlrq ri nqrzohgjh fkhdshu/ zklfk lqwhqvlhv frpshwl0
wlrq dprqj zrunhuv vshfldol}hg lq nqrzohgjh surgxfwlrq1 Wkrvh zkr orvh lq
vxfk frpshwlwlrq hqg xs glvsodfhg wr rffxsdwlrqv zlwk d orzhu nqrzohgjh
lqwhqvlw|> wkhlu zdjhv idoo/ zklfk uhgxfhv lqhtxdolw| ehwzhhq wkhp dqg wkh
ohdvw vnloohg1 Wkrvh zkr zlq fdq vsuhdg wkhlu delolw| ryhu d odujhu pdunhw
dqg ehfdxvh ri wkdw hqmr| d odujhu lqfuhdvh lq zdjhv wkdq wkh ohdvw vnloohg/
zklfk whqgv wr lqfuhdvh lqhtxdolw|1 Wkh ohdvw vnloohg gr qrw sduwlflsdwh lq
wklv frpshwlwlrq/ dv wkh| duh qrw vshfldol}hg lq nqrzohgjh surgxfwlrq> wkh|
jdlq lq devroxwh whupv ehfdxvh ri wkhlu fkhdshu dffhvv wr nqrzohgjh1
MHO= M6/ L5/ R6/ R7
Nh|zrugv= Lqfrph glvwulexwlrq/ Lqirupdwlrq whfkqrorj|/ Frpsxwhuv/ Zrunhu
glvsodfhphqw/ Kxpdq fdslwdo/ Ryhuodsslqj jhqhudwlrqv/ Nqrzohgjh/ Zrunhu
dvvljqphqw1
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4 Lqwurgxfwlrq
Vnloohg0eldvhg whfkqlfdo fkdqjh/ hvshfldoo| wkh glxvlrq ri frpsxwhuv dqg lq0
irupdwlrq whfkqrorj|/ lv zlgho| eholhyhg wr eh uhvsrqvleoh iru wkh revhuyhg
ulvh lq lqhtxdolw| dqg wkh idoo lq olylqj vwdqgdugv dw wkh erwwrp ri wkh hduq0
lqjv glvwulexwlrq14 Wkh lghd lv wkdw xqvnloohg surgxfwlrq zrunhuv fdq eh
dgydqwdjhrxvo| vxevwlwxwhg e| vnloohg zrunhuv xvlqj frpsxwhuv1 \hw gluhfw
hylghqfh derxw wklv phfkdqlvp lv txlwh pl{hg51 Rq wkh rqh kdqg/ wkhuh h{lvw
lqgxvwu|0ohyho vwxglhv wkdw vxjjhvw d srvlwlyh fruuhodwlrq ehwzhhq wkh xvh ri
frpsxwhuv dqg wkh ghpdqg iru vnloohg zrunhuv dw wkh lqgxvwu| ohyho16 Rq wkh
rwkhu kdqg/ sodqw ohyho hylghqfh vrphwlphv frqwudglfwv wklv ylhz7/ ru vxj0
jhvwv wkdw wklv grhv qrw vhhp wr eh wkh fdvh iru pdq| rwkhu LWv 8> dqg uhvxowv
wkdw vkrzhg d srvlwlyh/ fdxvdo lpsdfw ri frpsxwhu xvh rq zdjhv kdyh ehhq
fkdoohqjhg91 Lw lv dovr vrphwlphv dujxhg wkdw vxevwlwxwlrq ri qrq surgxfwlrq
wr surgxfwlrq zrunhuv kdv w|slfdoo| ohg/ qrw iroorzhg/ wkh LW uhyroxwlrq:1
Wklv sdshu vwxglhv d prgho zkhuh wkh hhfw ri LW lv idu pruh frpsoh{
wkdq xvxdoo| dvvxphg> wkdw LW/ zkloh w|slfdoo| lqfuhdvlqj ryhudoo lqhtxdolw|/
lv olnho| wr kdup vrph shrsoh dw lqwhuphgldwh dqg kljk ohyhov ri wkh glvwul0
exwlrq ri lqfrph exw wr ehqhw shrsoh dw wkh erwwrp> wkdw zlwklq d jlyhq
rffxsdwlrq lw pd| kdup vrph zrunhuv zkloh ehqhwwlqj rwkhuv> dqg wkdw lw
pd| hlwkhu uhgxfh ru lqfuhdvh wkh sursruwlrq ri nqrzohgjh zrunhuv lq hp0
sor|phqw/ ghshqglqj rq wkh uhvsrqvh ri wkh ryhudoo ghpdqg iru nqrzohgjh wr
4Iru vwdwhphqwv ri wklv ylhz/ vhh Nuxhjhu +4<<6,/ Erxqg dqg Mrkqvrq +4<<5,/ RHFG
+4<<7,/ Nuxjpdq +4<<7,/ Jrwwvfkdon dqg Vphhglqj +4<<:,
5D fulwlfdo vxuyh| fdq eh irxqg lq Krzhoo hw do1 +4<<;,1
6Ehuqgw hw do1 +4<<5,/ Ehupdq hw do1 +4<<7,/ Dxwru hw do1 +4<<9,/ zkr w|slfdoo| srlqw
rxw wkdw LW lv dvvrfldwhg zlwk xsvnloolqj dqg dq lqfuhdvh lq wkh vkduh ri qrqsurgxfwlrq
hpsor|phqw1
7Fdsshool +4<<6,1
8Vhh Grpv hw do1 +4<<:,1
9Vhh wkh fulwltxh ri Nuxhjhu +4<<6, e| GlQdugr dqg Slvfknh +4<<:, dqg Hqwrui hw do1
+4<<<,1 Grpv hw do1 +4<<:, gr qrw qg dq lpsdfw rq zdjh glhuhqwldov ri frpsxwhul}dwlrq1
:Krzhoo +4<<:, dujxhv wkdw wkh ulvh lq wkh udwlr ri qrq0surgxfwlrq wr surgxfwlrq zrunhuv
kljkoljkwhg e| Ehupdq/ Erxqg/ dqg Julolfkhv +4<<7, vwrsv lq 4<;6/ zkloh Jrugrq +4<<9,
qgv wkdw wkh vkduh ri qrq surgxfwlrq zrunhuv hqgv xs ghfolqlqj diwhu 4<;81
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wkh lpsolhg uhgxfwlrq lq wkh frvw ri dftxlulqj lw1
Wkh fhqwudo hfrqrplf phfkdqlvp frqvlghuhg khuh lv txlwh glhuhqw iurp
wkh lghd wkdw frpsxwhuv duh vxevwlwxwh iru xqvnloohg zrunhuv> lw uhvwv rq wkh
ylhz wkdw LW pdnhv wkh dftxlvlwlrq ri nqrzohgjh fkhdshu/ zklfk lqwhqvl0
hv frpshwlwlrq dprqj zrunhuv vshfldol}hg lq nqrzohgjh surgxfwlrq1 Wkrvh
zkr orvh lq vxfk frpshwlwlrq hqg xs glvsodfhg wr rffxsdwlrqv zlwk d orzhu
nqrzohgjh lqwhqvlw|> wkhlu zdjhv idoo/ zklfk uhgxfhv lqhtxdolw| ehwzhhq wkhp
dqg wkh ohdvw vnloohg1 Wkrvh zkr zlq fdq vsuhdg wkhlu delolw| ryhu d odujhu
pdunhw +dv lq Urvhq +4<;4/4<;5,, dqg ehfdxvh ri wkdw hqmr| d odujhu lqfuhdvh
lq zdjhv wkdq wkh ohdvw vnloohg/ zklfk whqgv wr lqfuhdvh lqhtxdolw|1 Wkh ohdvw
vnloohg gr qrw sduwlflsdwh lq wklv frpshwlwlrq/ dv wkh| duh qrw vshfldol}hg lq
nqrzohgjh surgxfwlrq> wkh| jdlq lq devroxwh whupv ehfdxvh ri wkhlu fkhdshu
dffhvv wr nqrzohgjh1
Lq p| prgho/ nqrzohgjh +lq d eurdg vhqvh, lv dq lqsxw lqwr wkh surgxfwlrq
ixqfwlrq ri kxpdq fdslwdo/ dqg lv dovr d txdolw| jrrg lq wkh vhqvh wkdw
rqh fdqqrw ex| lw iurp vhyhudo orz0txdolw| surgxfhuv lqvwhdg ri rqh kljk0
txdolw| rqh1 Wklv odwwhu surshuw| sod|v d nh| uroh lq wkh uhvxowv/ e| doorzlqj
LW wr glhuhqwldoo| dhfw wkh zdjhv ri shrsoh zkr surgxfh wkh vdph jrrg
+nqrzohgjh, exw kdyh glhuhqw vnloov1 Shrsoh glhu lq wkhlu h{rjhqrxv delolw|
dqg delolw| lv frpsohphqwdu| zlwk wkh txdolw| ri wkh nqrzohgjh lqsxw lq wkh
surgxfwlrq ri kxpdq fdslwdo1
L vkrz wkdw wkh hfrqrp| rujdql}hv lwvhoi lq d vxffhvvlrq ri foxvwhuv ri
delolw| ohyhov/ fdoohg nqrzohgjh odgghuv/ zkhuh d phpehu ri d jlyhq odgghu
ex|v nqrzohgjh iurp d zrunhu lq wkh vxevhtxhqw odgghu dqg vhoov lw wr d
zrunhu ri wkh suhfhglqj odgghu1 Wkh uhwxuq wr kxpdq fdslwdo lqfuhdvhv dv
rqh pryhv xs wkh nqrzohgjh odgghu1
Qh{w L frqvlghu wkh lpsdfw ri dq lpsuryhphqw lq lqirupdwlrq whfkqrorj|/
zklfk lv prghoohg dv d uhgxfwlrq lq wkh qxpehu ri shrsoh iurp zkrp rqh kdv
wr ex| nqrzohgjh1 L vkrz wkdw vxfk d vkliw lqfuhdvhv wkh jds lq wkh udwh ri
uhwxuq wr kxpdq fdslwdo ehwzhhq wzr frqvhfxwlyh odgghuv/ dqg dw wkh vdph
wlph ohdgv wr d glvsodfhphqw ri wkh ohdvw deoh zrunhuv zlwklq hdfk odgghu wr
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wkh lqihulru rqh1 Dqrwkhu fhqwudo uhvxow lv wkdw zkloh dq lpsuryhphqw lq LW
pd| lqfuhdvh zdjhv iru doo zrunhu w|shv lq wkh orqj uxq/ lwv lpsdfw hhfw
lv wr uhgxfh zdjhv iru vrph zrunhuv zkr duh glvsodfhg wr orzhu nqrzohgjh
ohyhov1 Wkrvh dw wkh orzhvw ohyho/ l1h1 gluhfw surgxfwlrq zrunhuv/ jdlq lq
whupv ri devroxwh zdjhv dv wkh| kdyh dffhvv wr d fkhdshu nqrzohgjh lqsxw1
Wkh| h{shulhqfh d uhodwlyh orvv zlwk uhvshfw wr nqrzohgjh zrunhuv zkr duh
qrw glvsodfhg wr d orzhu ohyho/ exw d jdlq zlwk uhvshfw wr wkrvh zkr duh
glvsodfhg1
Wkhvh zdjh hhfwv duh frqvlvwhqw zlwk Plvkho dqg Ehuqvwhlq*v +4<<7, qg0
lqj wkdw LW dfwxdoo| htxdol}h zdjhv dw wkh erwwrp ri wkh glvwulexwlrq ri lq0
frph/ zkloh lqfuhdvlqj lqhtxdolw| dw wkh wrs1 Wkhuh dovr h{lvwv vrph gluhfw
hylghqfh wkdw LW glvsodfhv zrunhuv dw idluo| kljk lqfrph ohyhov1 Frrnh +5333,/
zkr vshflfdoo| orrnv dw survshfwv iru zrunhuv lq wkh LW lqgxvwu|/ dujxhv
wkdw ^zkloh‘ frpsdqlhv duh rhulqj deryh dyhudjh frpshqvdwlrq sdfndjhv
wr dwwudfw vnloohg LW zrunhuv/ rwkhu LW zrunhuv ulvn ehlqj uhsodfhg e| qhz
whfkqrorjlhv ru vlpso| d pruh h!flhqw oderu pdunhw1 Ixuwkhu ehorz/ vkh
vwdwhv wkdw lq wkh sdvw/ iru h{dpsoh/ LW rffxsdwlrqv uhodwhg wr pdlqiudph0
rulhqwhg surfhvvlqj vxfk dv nh|sxqfk rshudwruv/ zhuh holplqdwhg ru uhghqhg
dv wkh whfkqrorj| hyroyhg wrzdugv qhwzrun0edvhg/ folhqw0vhuyhu frpsxwlqj1
Lq uhfhqw |hduv/ frpsxwhu rshudwruv wkdw prqlwru dqg pdlqwdlq odujh frp0
sxwhu v|vwhpv kdyh ehjxq wr eh uhsodfhg e| vhoi0prqlwrulqj/ orz pdlqwhqdqfh
v|vwhpv1 Vlploduo|/ Yhqhul +4<<;,/ uhsruwv d vwdjqdwlrq lq wkh ghpdqg iru
frpsxwhu surjudpphuv ghvslwh wkh h{sorvlrq ri frpsxwhu xvh1 Wklv lv suh0
vxpdeo| gxh wr lqfuhdvhg vwdqgdugl}dwlrq dqg sruwdelolw| ri surjudpphv/ vr
wkdw rqo| wkh ehvw surjudpphuv kdyh nhsw wkhlu mrev1 Lqwhuhvwlqjo|/ vkh dovr
uhsruwv wkdw wkh zdjhv ri surjudpphuv jurz dw derxw wkh vdph +kljk, udwh
dv rwkhu LW surihvvlrqv1 Lw lv dovr nqrzq wkdw lq wkh qlqhwlhv/ zklwh0froodu
zrunhuv zhuh pruh h{srvhg wr glvsodfhphqw wkdq lq hduolhu ghfdghv1 Lqghhg/
dffruglqj wr wkh Dphulfdq Pdqdjhphqw Dvvrfldwlrq +5333,/ rq qhw derxw
81; ( ri vxshuylvru| mrev dqg 4516 ( ri pdqdjhuldo mrev zhuh ghvwur|hg hdfk
|hdu ehwzhhq 4<<8 dqg 4<<<1 Fohduo|/ wkhvh zhuh qrw orz0sdlg mrev/ dqg lw
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pxvw eh wkdw wkh vsdq ri frqwuro ri uhpdlqlqj pdqdjhuv dqg vxshuylvruv kdv
lqfuhdvhg1 Ixuwkhupruh/ dq lqfuhdvhg sdfh ri uhvwuxfwxulqj lv qrz wkh ohdglqj
uhsruwhg fdxvh ri grzqvl}lqj/ zkloh dxwrpdwlrq dqg rwkhu qhz whfkqrorj| lv
d jurzlqj fdxvh ri glvsodfhphqw1;
Wkh sdshu lv uhodwhg wr vhyhudo vwudqgv ri wkhruhwlfdo olwhudwxuh1 Rqh
vwudqg kdv lqvlvwhg rq vsdq ri frqwuro hhfwv/ wkh lqfuhdvlqj uhwxuqv wkh|
jhqhudwh/ dqg wkhlu lpsolfdwlrqv iru wkh glvwulexwlrq ri lqfrph dqg wkh door0
fdwlrq ri wdohqw1 Wklv lqfoxghv Fdoyr dqg Zhoolv} +4<:<,/ Urvhq +4<;4/4<;5,/
Pxusk|/ Vkohlihu dqg Ylvkq| +4<<6,/ Jdulfdqr +5333,1 Wklv w|sh ri hhfw
lv dovr nh| wr wkh suhvhqw sdshu/ zklfk glhuv iurp wklv olwhudwxuh lq pdq|
uhvshfwv/ lq sduwlfxodu lq wkdw lw irfxvhv rq lqirupdwlrq whfkqrorj| dqg wkh
rujdql}dwlrq ri wkh oderu pdunhw lq vxffhvvlyh nqrzohgjh odgghuv1 Dqrwkhu
vwudqg lv lqwhuhvwhg lq wkh uroh ri whfkqrorjlhv wkdw duh pruh lqwhqvlyh lq kx0
pdq fdslwdo +Dfhprjox +4<<<,/ ]hlud +4<<;,/ Fdvhool +4<<;,/ Jdoru dqg Prdy
+4<<;,/ Uxelqvwhlq dqg Wvlggrq +4<<;,/ Ehdxgu| dqg Juhhq +5333,1 Wkh
suhvhqw sdshu glhuv iurp wkdw vwudqg lq wkdw udwkhu wkdq dvvxplqj d fkdqjh
lq nh| hodvwlflwlhv ri wkh surgxfwlrq ixqfwlrq/ lw h{solflwo| uhfrjql}hv/ xvlqj
d vlqjoh surgxfwlrq ixqfwlrq/ wkdw lpsuryhphqwv lq LW doorzv nqrzohgjh wr
eh vsuhdg ryhu pruh shrsoh1 Khqfh wkh whfkqlfdo fkdqjh wkdw zh frqvlghu lv
qrw vnloohg eldvhg e| frqvwuxfwlrq> udwkhu/ lwv hhfw rq lqhtxdolw| lv d jhq0
hudo htxloleulxp frqvhtxhqfh ri wkh hdvlhu uhsolfdelolw| ri v|perov dqg ri wkh
lpsruwdqfh ri nqrzohgjh txdolw|1
Forvhu lq vslulw lv wkh sdshu e| Vdlqw0Sdxo +5334,1 Lq erwk fdvhv/ nqrzo0
hgjh lv dq lqglylvleoh jrrg zklfk lv pruh ydoxhg e| pruh surgxfwlyh djhqwv1
Lq Vdlqw0Sdxo +5334,/ krzhyhu/ nqrzohgjh lv d vslooryhu h{huwhg e| fuhdwlyh
shrsoh zlwklq qhwzrunv1 Zkloh fuhdwlylw| lv uhzdughg e| wkh zdjh vwuxf0
wxuh/ rqh fdqqrw ex| pruh nqrzohgjh e| dvnlqj fuhdwlyh shrsoh wr surgxfh
pruh ri lw/ qru fdq rqh hfrqrpl}h rq nqrzohgjh frvwv e| glvfduglqj wkh lghdv
surgxfhg e| ohvv fuhdwlyh shrsoh1 Wklv sxwv vhyhuh olplwv rq wkh cvxshuvwdu*
;Vhh Dphulfdq Pdqdjhphqw Dvvrfldwlrq +5333,1 Lw lv lpsruwdqw wr qrwh wkdw lq prvw
ri wkh fdvhv wkh zrunordg fruuhvsrqglqj wr wkrvh mrev wkdw zhuh ghvwur|hg zdv wudqvihuuhg
wr rwkhu zrunhuv udwkhu wkdq holplqdwhg1
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hhfwv ri vxfk vslooryhuv/ dv lpsuryhphqwv lq LW lqfuhdvhv frpshwlwlrq dprqj
vxshuvwduv zklfk hyhqwxdoo| ohdgv wr d uhgxfwlrq lq lqhtxdolw|1 Khuh/ dq lp0
suryhphqw lq LW lqgxfhv shrsoh wr ex| nqrzohgjh iurp ihzhu/ exw ehwwhu
shrsoh/ zklfk uhglvwulexwhv iurp vwduv wr vxshuvwduv1 Dv LW ehfrphv lq0
qlwho| h!flhqw/ doo shrsoh hqg xs ex|lqj nqrzohgjh iurp lqqlwh0delolw| sur0
gxfhuv/ zkrvh zdjh ehfrphv lqqlwh uhodwlyh wr zkdw wkh| zrxog jhw vkrxog
wkh| vshfldol}h lq sk|vlfdo rxwsxw1 Qhyhuwkhohvv/ dv lq Vdlqw0Sdxo +5334,/ LW
lpsuryhphqwv ehqhw shrsoh dw wkh erwwrp ri wkh glvwulexwlrq ri lqfrph/
dqg wkh| hyhqwxdoo| uhgxfh lqhtxdolw| dv vxshuvwduv ehfrph d qhjoljleoh iudf0
wlrq ri wkh wrwdo zrunirufh dqg uhpdlqlqj zrunhuv doo ehorqj wr wkh vdph
nqrzohgjh odgghugluhfw surgxfwlrq zrun1
Wkh qh{w vhfwlrq vhwv xs wkh edvlf prgho1 Vhfwlrq 6 vwxglhv vwhdg| vwdwh
htxloleuld/ zkloh vhfwlrq 7 dqdo|}hv wudqvlwlrqdo g|qdplfv wrzdug wkh vwhdg|
vwdwh1 Vhfwlrq 8 ghdov zlwk wzr h{whqvlrqv1 Iluvw/ lw doorzv wkh ghpdqg iru
nqrzohgjh wr eh hodvwlf wr lwv frvw e| dvvxplqj wkdw vrph zrunhuv fdq *rsw
rxw* ri wkh nqrzohgjh hfrqrp| e| qrw dftxlulqj kxpdq fdslwdo1 Vhfrqg/ lw
vkrzv krz wkh prgho fdq eh h{whqghg wr wdnh edodqfhg jurzwk lqwr dffrxqw1
Vhfwlrq 9 frqfoxghv1
5 Prgho vhw0xs
Zh frqvlghu dq ryhuodsslqj jhqhudwlrq/ rshq hfrqrp| zklfk fdq eruurz dqg
ohqg dw d {hg uhdo lqwhuhvw udwh o Iru qrwdwlrqdo vlpsolflw| zh vkdoo dvvxph
o ’ f Shrsoh olyh iru wzr shulrgv1 Wkh vl}h ri hdfk frkruw lv {hg dqg
qrupdol}hg wr rqh1
Lq wkh uvw shulrg ri wkhlu olih/ wkh |rxqj wudlq wkhpvhoyhv e| ex|lqj
nqrzohgjh1 Wklv ghwhuplqhv wkhlu kxpdq fdslwdo1 Lq wkh vhfrqg shulrg ri
wkhlu olih wkh| zrun dqg frqvxph1 Wkh| fdq hlwkhu zrun lq wkh surgxfwlrq
vhfwru ru vhoo nqrzohgjh wr wkh qh{w jhqhudwlrq ri |rxqj1
Wkh |rxqj jhqhudwlrq*v djhqwv glhu lq lqqdwh delolw| } Lw lv glvwulexwhg
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ryhu dfcn4 zlwk d Srlvvrq glvwulexwlrq1 Lwv ghqvlw| lv jlyhq e|
sE} ’ e3} +4,
Lq rughu wr dftxluh kxpdq fdslwdo/ d |rxqj zrunhu pxvw ex| nqrzohgjh
iurp d iudfwlrq 7e ri dq rog zrunhu/ zkhuh 7e 	  Li KW lv wkh kxpdq d fdslwdo
ri wkdw nqrzohgjh vxssolhu/ wkh |rxqj zrunhu*v kxpdq fdslwdo lv jlyhq e| wkh
iroorzlqj kxpdq fdslwdo surgxfwlrq ixqfwlrq=
K ’ eb}KWkc +5,
zkhuh c bc dqg k duh srvlwlyh frqvwdqwv1 Ixuwkhupruh/ k 	 c vr wkdw wkh
kxpdq fdslwdo surgxfwlrq ixqfwlrq h{klelwv ghfuhdvlqj pdujlqdo uhwxuqv wr
wkh nqrzohgjh vxssolhu*v kxpdq fdslwdo1
Wklv vshflfdwlrq lpsolhv wkdw nqrzohgjh lv qrw d krprjhqhrxv lqsxw= lw
kdv wr eh erxjkw iurp h{dfwo| 7e shrsoh1 Rqh fdqqrw vxevwlwxwh wzr phglrfuh
whdfkhuv iru d jrrg rqh1 Ixuwkhupruh/ nqrzohgjh lv dvvxphg wr eh frpsoh0
phqwdu| zlwk delolw|= shrsoh zlwk juhdwhu delolw| jhw d kljkhu pdujlqdo uhwxuq
iurp lqfuhdvlqj wkh vnloov ri wkh shrsoh iurp zkrp wkh| ohduq1
7e fdswxuhv wkh h!flhqf| ri lqirupdwlrq whfkqrorj|1 Wkh vpdoohu 7ec wkh
orzhu wkh zrunlqj wlph ri dq rog nqrzohgjh vxssolhu wkdw lv qhhghg lq rughu
wr wudlq rqh |rxqj zrunhul1h1 wkh juhdwhu wkh qxpehu ri shrsoh zkr fdq
xvh rqh shuvrq*v nqrzohgjh1
Zh vkdoo dvvxph wkdw  : b/ zklfk pdnhv vxuh wkdw wkh prphqwv ri
surgxfwlylw| duh zhoo ghqhg1
Lq wkh surgxfwlrq vhfwru/ zklfk lv shuihfwo| frpshwlwlyh/ wkh surgxfwlrq
ixqfwlrq lv olqhdu dqg jlyhq e|
t ’ Mc
zkhuh M lv wkh djjuhjdwh dprxqw ri kxpdq fdslwdo hpsor|hg lq wkdw vhfwru1
Frqvhtxhqwo|/ dq rog djhqw ri kxpdq fdslwdo K zkr zrunv lq wkh surgxfwlrq
vhfwru surgxfhv dq rxwsxw htxdo wr K Frqwudu| wr zkdw rffxuv lq wkh nqrzo0
hgjh vhfwru/ kxpdq fdslwdo hqwhuv lq d krprjhqhrxv zd| lq wkh surgxfwlrq ri
:
sk|vlfdo rxwsxw1 Lq wkdw vhfwru/ wkh vdph djjuhjdwh dprxqw ri kxpdq fdslwdo
fdq eh rewdlqhg e| klulqj d ihz kljk0vnloo zrunhuv ru pdq| orz0vnloo zrunhuv1
Olwhudoo| vshdnlqj/ wklv lv d prgho ri kxpdq fdslwdo dffxpxodwlrq ryhu
wkh olih f|foh e| vxffhvvlyh frkruwv1 Dw d pruh phwdskrulfdo ohyho/ krzhyhu/
lw pd| dovr dsso| wr kljkhu iuhtxhqf| skhqrphqd dqg eh xvhg wr xqghuvwdqg
wkh hfrqrp|0zlgh rujdql}dwlrq ri surgxfwlrq1 K zrxog wkhq pruh eurdgo|
lqwhusuhwhg dv d vhw ri lqwdqjleoh/ lqwhuphgldwh lqsxwv +rujdql}dwlrqdo vnloov/
lghdv/ vxshuylvlrq/ lqirupdwlrq/ hwf1, wkdw doorz wr errvw surgxfwlylw| lq wkh
qdo jrrgv vhfwru1<
Wkh txhvwlrqv zh duh lqwhuhvwhg lq duh wkh iroorzlqj= krz grhv wkh htxlole0
ulxp glvwulexwlrq ri kxpdq fdslwdo orrn olnhB Krz duh nqzrohgjh surgxfhuv
dvvljqhg wr nqrzohgjh frqvxphuvB Zkr vshfldol}hv lq nqrzohgjh surgxf0
wlrqB Zkdw lv wkh glvwulexwlrq ri lqfrphB Krz grhv d fkdqjh lq 7e dhfw
wkhvh sdudphwhuv1
Wkhvh fkdudfwhulvwlfv duh uhsuhvhqwhg e| dq htxloleulxp zdjh vfkhgxoh
/EKc dq htxloleulxp glvwulexwlrq ri vnloov uhsuhvhqwhg e| d ixqfwlrq KE} zklfk
whoov xv zkdw lv wkh kxpdq fdslwdo ri dq djhqw zlwk delolw| }c dqg dq htxlole0
ulxp sdlu ri nqrzohgjh dvvljqphqw ixqfwlrqv KWE} +uhvs1 }WE},/ zklfk whoo
xv derxw wkh kxpdq fdslwdo +uhvs1 delolw|, ri wkh djhqw iurp zkrp d |rxqj
djhqw zlwk vnloo } ex|v nqrzohgjh1 Zh qrz dqdo|}h wkh htxloleulxp ydoxhv
ri wkhvh ixqfwlrqv1
6 Vwhdg| vwdwh
Zh uvw fkdudfwhul}h d vwhdg| vwdwh zkhuh wkhvh ixqfwlrqv duh lqyduldqw ryhu
wlph1 Lq wklv fdvh/ zh pxvw kdyh=
KE}WE  KWE +6,
Wkh |rxqj*v pd{lpl}dwlrq sureohp lv=
<Rqh pd| dujxh wkdw lq vxfk d fdvh dq lqqlwh krul}rq iudphzrun zrxog eh pruh
dssursuldwh1 Krzhyhu/ Ehzoh| +4<;3, dqg Wrzqvhqg +4<;3, kdyh ghyhorshg prghov ri
lpshuihfw dffhvv wr fuhglw pdunhwv zkrvh vwuxfwxuh lv txlwh vlplodu wr ROJ prghov1
;
4@ 
K
/Eeb}Kk 7e/EK +7,
Dvvxplqj wkdw /E lv orfdoo| glhuhqwldeoh/ wkh uvw0rughu frqglwlrq lv
/Eeb}Kkkeb}Kk3 ’ 7e/EK +8,
Rxu fhqwudo uhvxow lv wkdw ghshqglqj rq sdudphwhu ydoxhv/ wkh hfrqrp|
fdq eh lq rqh ri wzr uhjlphv1 Lq uhjlph L doo zrunhuv duh lqglhuhqw ehwzhhq
nqrzohgjh surgxfwlrq dqg rxwsxw surgxfwlrq1 Lq uhjlph LL zrunhuv duh hq0
wluho| vshfldol}hg lq nqrzohgjh surgxfwlrq deryh vrph delolw| ohyho/ dqg d
nqrzohgjh fkdlq dulvhv lq d zd| pdgh fohdu ehorz1
Ohw xv uvw ghvfuleh wkh htxloleulxp lq uhjlph L1
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wkhq wkhuh h{lvwv d vwhdg| vwdwh vxfk wkdw
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SURRI  Vhh Dsshqgl{1
Lq wklv uhjlph/ shrsoh duh dozd|v lqglhuhqw ehwzhhq nqrzohgjh dqg jrrgv
surgxfwlrq1 Wkh pdujlqdo uhwxuq wr kxpdq fdslwdo lv frqvwdqw wkurxjkrxw wkh
glvwulexwlrq ri vnloov dqg htxdo wr c lwv pdujlqdo surgxfwlylw| lq wkh rxwsxw
vhfwru1 Dq lpsuryhphqw lq lqirupdwlrq whfkqrorj| vkliwv wkh glvwulexwlrq ri
kxpdq fdslwdo/ dqg wkhuhiruh lqfrph/ krprwkhwlfdoo|1 Doo zrunhu w|shv hduq
pruh dqg uhodwlyh lqhtxdolw| lv xqfkdqjhg1 Wklv lv ehfdxvh zkloh shrsoh ex|
nqrzohgjh iurp pruh deoh zrunhuv/ wkhuh lv d uhvhuyh dup| ri nqrzohgjh
vxssolhuv dw pdujlqdo frvw 7e dw dq| vnloo ohyho/ vlqfh d srvlwlyh iudfwlrq ri
dq| vnloo w|sh zrunv lq wkh surgxfwlrq vhfwru1
Wkh qh{w sursrvlwlrq ghvfulehv wkh pruh lqwhuhvwlqj uhjlph zkhuh vrph
delolw| ohyhov duh hqwluho| vshfldol}hg lq nqrzohgjh surgxfwlrq1
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Wkhq wkhuh h{lvwv d vwhdg| vwdwh vxfk wkdw
+l, Wkh nqrzohgjh dvvljqphqw ixqfwlrq }WE}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+ll, Wkhuh h{lvwv d vhtxhqfh ri fulwlfdo delolw| ohyhov E}fc }c c }c  vxfk
wkdw
d1 } ’ * *? 7ec lpso|lqj }f ’ f
e1 shrsoh vxfk wkdw f  }  } duh hqwluho| vshfldol}hg lq wkh surgxfwlrq
ri sk|vlfdo rxwsxw
f1 shrsoh vxfk wkdw }  }  }n duh hqwluho| vshfldol}hg lq nqrzohgjh sur0
gxfwlrq1 Wkh| vhoo nqrzohgjh wr zrunhuv lq d}3c }o dqg ex| lw iurp zrunhuv
lq d}nc }n2o
+lll, Wkh nqrzohgjh dvvljqphqw ixqfwlrq KWE}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SURRI  Vhh Dsshqgl{1
Wklv sursrvlwlrq whoov xv wkdw wkh hfrqrp| rujdql}hv lwvhoi lqwr d nqrzo0
hgjh fkdlq/ l1h1 d vhtxhqfh ri dgmdfhqw lqwhuydov ri vnloo ohyhov vxfk wkdw lq
dq| lqwhuydo hdfk zrunhu ex|v nqrzohgjh iurp d suhylrxv jhqhudwlrq*v zrunhu
44
ri wkh qh{w lqwhuydo dqg vhoov lw wr d zrunhu ri wkh qh{w jhqhudwlrq lq wkh
suhfhglqj lqwhuydo/ zkloh zrunhuv dw wkh orzhvw lqwhuydo ri vnloov dfc }o duh
hqwluho| vshfldol}hg lq rxwsxw surgxfwlrq1
Wkh zdjh vfkhgxoh lv slhfh0zlvh olqhdu dqg frqyh{/ dv looxvwudwhg rq jxuh
4> wkh pdujlqdo uhwxuq wr kxpdq fdslwdo lv lqfuhdvlqj dv rqh pryhv xs wkh
glvwulexwlrq ri vnloov/ l1h1 dv rqh*v srvlwlrq lq wkh nqrzohgjh fkdlq lv pruh
uhprwh iurp gluhfw surgxfwlyh dfwlylw|1 Dv rqh pryhv xs rqh odgghu lq wkh
nqrzohgjh fkdlq wkh pdujlqdo uhwxuq wr kxpdq fdslwdo lqfuhdvhv e| d idfwru &c
zkhuh & lv jlyhq e| +45,1 Lq wkh E}c / sodqh/ wkh zdjh vfkhgxoh lv slhfh0zlvh
h{srqhqwldo/ l1h1/ orj zdjhv duh djdlq slhfh0zlvh olqhdu +jxuh 4,1
Dv lv dovr looxvwudwhg rq jxuh 4/ wkh kxpdq fdslwdo dftxlvlwlrq ixqfwlrq
KE} dqg wkh nqrzohgjh dvvljqphqw ixqfwlrq KWE} duh h{srqhqwldo1 Shrsoh
ex| nqrzohgjh iurp pruh vnloohg zrunhuv +e| d {hg dgglwlyh frqvwdqw,/ dqg
wkhuhiruh wkhlu kxpdq fdslwdo lv ehorz wkdw ri wkhlu nqrzohgjh vxssolhu +e|
d {hg pxowlsolfdwlyh frqvwdqw,1
Rqh fdq ghqh wkh nqrzohgjh glvwdqfh ehwzhhq wzr glhuhqw vnloo ohyhov
dv wkh qxpehu ri lqwhuydov ehwzhhq wkhp1 Wklv lv dovr fohduo| htxdo wr wkh
qxpehu ri jhqhudwlrqv +ru/ xqghu rxu pruh jhqhudo lqwhusuhwdwlrq/ shulrgv, lw
wdnhv iru nqrzohgjh wr eh wudqvplwwhg iurp wkh lqwhuydo ri wkh kljkhvw ohyho
wr wkdw ri wkh orzhvw ohyho1
Zh duh qrz lq d srvlwlrq wr xvh wkh prgho wr fkdudfwhul}h wkh lpsdfw ri
lpsuryhphqwv lq lqirupdwlrq whfkqrorj|1 Wkh iroorzlqj sursrvlwlrq fkdudf0
whul}hv wkh orqj0uxq lpsdfw ri dq lpsuryhphqw lq LW/ l1h1 d idoo lq 7ec rq wkh
glvwulexwlrq ri lqfrph dqg kxpdq fdslwdo1
SURSRVLWLRQ 6 Dvvxph +<, krogv1 Frqvlghu d uhgxfwlrq lq 7e Wkhq/
lq wkh orqj uxq vwhdg| vwdwh=
+l, Wkh glvwulexwlrq ri kxpdq fdslwdo vkliwv xs krprwkhwlfdoo|1
+ll, Lqhtxdolw| dv phdvxuhg ehwzhhq wkh uhodwlyh glhuhqfh lq wkh pdujlqdo
uhwxuq wr vnloo ehwzhhq wzr frqvhfxwlyh odgghuv lqfuhdvhv1
+lll, } lqfuhdvhv krprwkhwlfdoo|/ lpso|lqj wkdw hdfk odgghu fryhuv d odujhu
vhjphqw ri wkh glvwulexwlrq ri vnloov/ wkdw wkh nqrzohgjh glvwdqfh ehwzhhq dq|
45
wzr w|shv idoov/ dqg wkdw wkh qxpehu ri zrunhuv vshfldol}hg lq rxwsxw surgxf0
wlrq lqfuhdvhv1
+ly, Wkhuh h{lvwv vrph fulwlfdo ohyho ri 7e/ 7enc wkdw li 7e : 7en wkhq wkh
zdjhv ri doo zrunhu w|shv lqfuhdvh1
+y, Wkhuh h{lvwv 7e3 vxfk wkdw li
7e  7e3c +46,
wkhq dw wkh erwwrp ri hdfk odgghu    wkhuh h{lvw zrunhu w|shv zkr
duh glvsodfhg iurp vhjphqw  wr vhjphqw    +orzhu nqrzohgjh glvwdqfh
iurp gluhfw surgxfwlrq dfwlylw|,/ dqg zkrvh zdjhv idoo1 Krzhyhu/ wkh| zrxog
hyhqwxdoo| ehqhw iurp ixuwkhu lpsuryhphqwv lq lqirupdwlrq whfkqrorj|1
SURRI  Vhh Dsshqgl{1
Sursrvlwlrq 6 whoov xv wkdw li LW duh lqlwldoo| qrw wrr ghyhorshg/ wkhq
lq wkh orqj uxq doo zrunhu w|shv jdlq iurp dq lpsuryhphqw lq lqirupdwlrq
whfkqrorj| +Iljxuh 5,1 Wkh juhdwhu hdvh zlwk zklfk wkh| dffxpxodwh kxpdq
fdslwdo frpshqvdwhv iru srvvleoh zdjh orvvhv dw d jlyhq ohyho ri kxpdq fdslwdo1
Wklv surfhvv kdv olplwv/ krzhyhu/ dqg iru 7e vpdoo hqrxjk zrunhuv zkr duh
glvsodfhg wr orzhu ohyhov lq wkh nqrzohgjh fkdlq vxhu orqj0uxq zdjh orvvhv
+Iljxuh 6,1 Zkhwkhu rqh jdlqv ru orvhv ghshqgv rq zkhwkhu rqh lv glvsodfhg
ru qrw/ l1h1 ghshqgv rq rqh*v uhodwlyh srvlwlrq lq rqh*v vhjphqw1 Dv 7e jrhv wr
}hur iurp 7e3/ doo zrunhu w|shv zkr zhuh ruljlqdoo| vshfldol}hg lq nqrzohgjh
surgxfwlrq h{shulhqfh d pdujlqdo zdjh orvv dv wkh| furvv wkh erxqgdu| wr
pryh wr d orzhu odgghu1 Krzhyhu/ zkhq wkh| duh vwdelol}hg lq wkh gluhfwo|
surgxfwlyh dfwlylw|/ wkhlu lqfrph hqgv xs ulvlqj zlwkrxw erxqg/ dv LW jlyhv
wkhp dffhvv wr hyhu0ehwwhu nqrzohgjh surgxfhuv1
Wkh uvw sduwv ri sursrvlwlrq 6 lpsolhv wkdw lqhtxdolw| ehwzhhq vhjphqwv
lqfuhdvhv1 Krzhyhu/ dv wkh nqrzohgjh glvwdqfh ehwzhhq wzr jlyhq w|shv idoov/
lqhtxdolw| ehwzhhq lqglylgxdov qhhg qrw lqfuhdvh1 Zh fdq xvh vrph dssur{0
lpdwlrq wr vd| pruh derxw wkh qhw hhfw rq lqhtxdolw|1 Frqvlghu lqhtxdolw|
ehwzhhq wzr shrsoh lq wkh uvw vhjphqw vshfldol}hg lq sxuh surgxfwlrq1 Df0
fruglqj wr Sursrvlwlrq 6/ wkhlu lqfrph lv vlpso| sursruwlrqdo wr eb}

3k  Wkhlu
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uhodwlyh zdjh/ h{suhvvhg lq orjv/ lv wkhuhiruh htxdo wr b{}*Ekc zklfk grhv
qrw ghshqg rq 7e Wkxv LW grhv qrw dhfw lqhtxdolw| ehwzhhq wzr zrunhuv lq
wkh erwwrp vhjphqw1 Qh{w/ frqvlghu wzr nqrzohgjh surgxfhuv ehorqjlqj wr
glhuhqw odgghuv1 Wkh glhuhqfh htxdwlrq +44, fdq eh vroyhg wr jhw
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Dvvxph wkdw rxu wzr surgxfhuv duh orfdwhg dw fulwlfdo srlqwv zlwk ydoxhv
ri  odujh hqrxjk iru wkh uvw whup lq eudfnhwv wr eh grplqdwhg lq +47,1
Wkhq/ jlyhq wkdw wkhlu udqn  fdq eh rewdlqhg iurp wkhlu vnloo ohyho } xvlqj
wkh irupxod  ’ }* *? 7ec wkh uhodwlyh orj zdjh ri wkhvh wzr zrunhuv lv
E*?k* *? 7e{} Wklv txdqwlw| lv fohduo| lqfuhdvlqj zkhq 7e idoov1 Wkhuhiruh/
LW fohduo| lqfuhdvhv lqhtxdolw| dw wkh wrs ri wkh glvwulexwlrq ri lqfrph1 Lq
frqwudvw/ li rqh frqvlghuv vd| zrunhuv ruljlqdoo| orfdwhg lq wkh wzr erwwrp
vhjphqwv/ lw hqgv xs uhgxflqj lqhtxdolw| dprqj wkhvh shrsoh/ dv vhjphqw 3
judgxdoo| devruev vhjphqw 41 Lqwhuhvwlqjo|/ wklv lv zkdw Plvkho dqg Ehuqvwhlq
+4<<7, whqg wr qg zkhq orrnlqj dw fruuhodwlrqv ehwzhhq zdjh fkdqjhv dqg
lqyhvwphqw lq whfkqrorj|1
7 G|qdplfv
Lqwhuhvwlqjo|/ zh fdq dovr fkdudfwhul}h wkh g|qdplfv ri dgmxvwphqw wrzdug
wkh vwhdg| vwdwh/ surylghg zh dvvxph wkdw wkh lqlwldo glvwulexwlrq ri kxpdq
fdslwdo dprqj wkh rog lv krprwkhwlf wr wkdw ri wkh orqj0uxq vwhdg| vwdwh1
Wkdw lv/ zh dvvxph wkdw ruljlqdoo| wkh kxpdq fdslwdo ri dq rog zrunhu zlwk
delolw| } lv
KfE} ’ ~fe
b}*E3k +48,
Ohw xv olplw rxuvhoyhv wr wkh prvw lqwhuhvwlqj uhjlph/ l1h1 uhjlph LL1 Zh
fdq wkhq suryh wkh iroorzlqj=
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Wkhq wkhuh h{lvwv dq htxloleulxp sdwk vxfk wkdw
+l, Wkh nqrzohgjh dvvljqphqw ixqfwlrq }W| E}/ zklfk jlyhv wkh vnloo ohyho
ri wkh +rog, djhqw vxsso|lqj nqrzohgjh wr d +|rxqj, djhqw dw gdwh |  f lv
frqvwdqw dqg htxdo wr
}W| E} ’ } n
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+ll, Wkhuh h{lvwv d vhtxhqfh ri fulwlfdo delolw| ohyhov E}fc }c c }c  vxfk
wkdw dw dq| gdwh |
d1 } ’ * *? 7ec lpso|lqj }f ’ f
e1 shrsoh vxfk wkdw f  }  } duh hqwluho| vshfldol}hg lq wkh surgxfwlrq
ri sk|vlfdo rxwsxw
f1 shrsoh vxfk wkdw }  }  }n duh hqwluho| vshfldol}hg lq nqrzohgjh sur0
gxfwlrq1 Wkh| vhoo nqrzohgjh wr zrunhuv lq d}3c }o dqg ex| lw iurp zrunhuv
lq d}nc }n2o
+lll, Wkh kxpdq fdslwdo ri dq rog djhqw zlwk delolw| } dw gdwh | lv
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zkhuh ~| hyroyhv dffruglqj wr
~|n ’ ~
k
|


7e
 bk
E3k
+4<,
+ly, Wkh nqrzohgjh dvvljqphqw ixqfwlrq dw |c KW| E} lv wkhuhiruh
KW| E} ’ ~|e
b}*E3k


7e
 b
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+y, Ryhu wkh lqwhuydo dKE}c KE}no zdjhv dw gdwh | duh jlyhq e|
/|EK ’ | nl|EK K|E}c
zkhuh
l| ’ 

k7eb*3
 3\
'f
~k3|n c +53,
dqg | fdq eh uhfxuvlyho| frpsxwhg dv
nc| ’ | nl|EK|E}n K|E}(
f| ’ KEf
SURRI  Vhh Dsshqgl{1
Rqh fdq fkhfn wkdw wklv htxloleulxp frqyhujhv lqghhg wr wkh vwhdg| vwdwh
ghulyhg lq wkh suhylrxv vxevhfwlrq1 Wklv frqyhujhqfh lv judgxdo dqg wkh
nqrzohgjh odgghuv duh wkh vdph dw hdfk gdwh/ zkloh wkh glvwulexwlrq ri kxpdq
fdslwdo frqyhujhv krprwkhwlfdoo| wr lwv orqj0uxq ohyho1 Htxdwlrq +53,/ zklfk
jlyhv xv wkh pdujlqdo uhwxuq wr vnloov lq odgghu c lv lqwhuhvwlqj1 Lw whoov xv wkdw
lw lv iruzdug orrnlqj grzq lqwr wkh ixwxuh xs wr d qxpehu ri shulrgv suhflvho|
htxdo wr wkh nqrzohgjh glvwdqfh ehwzhhq wkdw odgghu dqg rxwsxw surgxfhuv1
Wkh pdujlqdo uhwxuqv wr vnloov ri nqrzohgjh surgxfhuv lq jhqhudwlrq | +odgghu
3, lv htxdo wr c lw wkhq ghwhuplqhv wkhlu ghpdqg iru nqrzohgjh/ dqg wkxv
wkh pdujlqdo uhwxuq ri wkrvh zkr vxsso| wkhp zlwk nqrzohgjh +odgghu 4 lq
jhqhudwlrq |  ,/ zklfk lq wxuq ghwhuplqhv wkh pdujlqdo uhwxuq wr kxpdq
fdslwdo ri odgghu 5 lq jhqhudwlrq |2c dqg vr rqh1 Wkh sulfh ri kxpdq fdslwdo
lv iruzdug orrnlqj/ pruh vr zkhq rqh lv pruh uhprwh iurp lwv xowlpdwh xvh
lq wkh nqrzohgjh fkdlq1
Wklv sursrvlwlrq lv sduwlfxoduo| xvhixo wr dqdo|}h wkh g|qdplf uhvsrqvh ri
wkh glvwulexwlrq ri lqfrph wr dq lpsuryhphqw lq lqirupdwlrq whfkqrorj|/ l1h1
d idoo lq 7ec ehfdxvh iru dq| jlyhq lqlwldo ydoxh ri 7e wkh orqj0uxq glvwulexwlrq
ri kxpdq fdslwdo dv ghwhuplqhg e| +43, kdv wkh dvvxphg ixqfwlrqdo irup iru
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Sursrvlwlrq 7 wr krog1 Ixuwkhupruh/ wkh lqlwldo ydoxh ri ~c ~fc lv jlyhq e|
*E3k7e
3
bk
E3k2 c zklfk vdwlvhv +4:, dv orqj dv wkh lqlwldo ydoxh ri 7e vdwlvhv
+<,1 Rqh fdq wkhq dsso| sursrvlwlrq 7 wr d idoo lq 7ec jhwwlqj wkh iroorzlqj
uhvxowv=
SURSRVLWLRQ 8 
+l, Wkh lqfrph ri wkh lqlwldoo| rog zrunhuv zkr pryh iurp vhjphqw 4 wr
vhjphqw 3 lv xqdpeljxrxvo| orzhu1 Frqvhtxhqwo|/ d uhgxfwlrq lq 7e fdqqrw eh
Sduhwr0lpsurylqj1
+ll, Dorqj wkh dgmxvwphqw sdwk/ wkh glvwulexwlrq ri kxpdq fdslwdo lqfuhdvhv
krprwkhwlfdoo|1 Wkdw lv/ ~| lv ulvlqj dorqj wkh dgmxvwphqw sdwk/ frqyhujlqj
iurp ehorz wr lwv qhz orqj0uxq ydoxh1
+lll, lqhtxdolw| ehwzhhq wzr frqvhfxwlyh odgghuv/ dv phdvxuhg e| wkh uho0
dwlyh glhuhqfh lq wkh pdujlqdo uhwxuq wr kxpdq fdslwdo/ idoov zlwk wlph/
frqyhujlqj iurp deryh wr & dv ghqhg e| +45,
+ly, Wkdw vdph phdvxuh lv idoolqj zkhq rqh pryhv xs wkh nqrzohgjh fkdlq1
SURRI Vhh Dsshqgl{
Wkh uvw sduw ri Sursrvlwlrq 8 whoov xv wkdw wkh lpsdfw hhfw ri wkh lp0
suryhphqwv lq lqirupdwlrq whfkqrorj| kxuwv vrph ri wkh rog lq wkh lqlwldo
jhqhudwlrq/ qdpho| wkrvh zkr duh glvsodfhg iurp odgghu 4 wr rxwsxw surgxf0
wlrq1 Lw frxog dovr srwhqwldoo| kxuw vrph ri wkh rog glvsodfhg iurp rqh odgghu
wr d orzhu odgghu exw zkr uhpdlq vshfldol}hg lq nqrzohgjh1 Sursrvlwlrq 6
kdg vkrzq wkdw lq wkh orqj uxq/ li 7e lv qrw wrr orz/ hyhq glvsodfhg zrunhu
w|shv jdlq/ ehfdxvh wkhlu glvsodfhphqw lv frpshqvdwhg e| d kljkhu ohyho ri
kxpdq fdslwdo1 Krzhyhu/ wklv lv qrw wuxh ri wkh lqlwldo jhqhudwlrq ri rog zrun0
huv/ zkrvh kxpdq fdslwdo lv {hg e| wkhlu sdvw nqrzohgjh dftxlvlrq ghflvlrq/
zklfk wrrn sodfh sulru wr wkh lpsuryhphqw lq lqirupdwlrq whfkqrorj|1
Sduw +lll, dqg +ly, fkdudfwhul}h wkh g|qdplfv ri lqfrph glvwulexwlrq dorqj
wkh dgmxvwphqw sdwk1 Sduw +ll, lpsolhv wkdw lqhtxdolw| ryhuvkrrwv lwv orqj0
uxq ohyho1 Wklv lv ehfdxvh wkh lpsuryhphqw lq LW errvwv wkh ghpdqg iru
nqrzohgjh vxssolhg e| kljko| fdsdeoh shrsoh/ zkloh wkh vxsso| uhvsrqvh +l1h1
4:
wkh vkliw lq wkh glvwulexwlrq ri K, lv rqo| judgxdo1 Sduw +lll, lpsolhv wkdw
vxfk ryhuvkrrwlqj lv zhdnhu zkhq rqh pryhv xs wkh nqrzohgjh fkdlq1 Wklv
lv ehfdxvh pruh vnloohg zrunhuv duh dw d juhdwhu nqrzohgjh glvwdqfh iurp
rxwsxw surgxfhuv/ vr wkdw wkhlu zdjh uh hfwv wkh h{shfwhg zloolqjhvv wr sd|
iru kxpdq fdslwdo ri jhqhudwlrqv pruh uhprwh lq wkh ixwxuh +dv lpsolhg e|
+53,, 1 Wklv zloolqjqhvv wr sd| lv vpdoohu ehfdxvh kxpdq fdslwdo lv pruh
dexqgdqw iru ixwxuh jhqhudwlrqv +dv lpsolhg e| +ll,,1
8 H{whqvlrqv
Lq wklv vhfwlrq zh eulh | lqglfdwh krz wkh prgho fdq eh h{whqghg wr pdnh lw
pruh uhdolvwlf1
814 Hodvwlf ghpdqg iru nqrzohgjh
D uvw dvshfw lv wkdw wkh ghpdqg iru nqrzohgjh surgxfhuv lv e| frqvwuxfwlrq
wrwdoo| lqhodvwlf dqg dozd|v htxdo wr 7e1 Dv d uhvxow d idoo lq 7e dozd|v uhgxfhv
wkh qxpehu ri nqrzohgjh surgxfhuv1 Lq sudfwlfh wklv pd| qrw kdsshq ehfdxvh
dv nqrzohgjh lv fkhdshu vrph shrsoh zkr suhylrxvo| glg qrw ex| lw pd| vwduw
grlqj vr1 Hpslulfdoo|/ vhyhudo vwxglhv grfxphqw wkh ulvh lq wkh sursruwlrq ri
qrqsurgxfwlrq zrunhuv143
Wkhuhiruh/ wkh prgho*v uhdolvp lv lpsuryhg li rqh lqwurgxfhv vrph hodvwlf0
lw| lq wkh ghpdqg iru nqrzohgjh1 Wr gr vr/ zh h{whqg wkh prgho e| dvvxplqj
wkdw zrunhuv kdyh wkh rswlrq ri qrw ex|lqj lw dw doo/ lq zklfk fdvh wkhlu uhvxow0
lqj kxpdq fdslwdo lv eb}c zkhuh  lv d frqvwdqw1 Iru  kljk hqrxjk vrph
zrunhuv suhihu qrw wr ex| kxpdq fdslwdo1 Rqh fdq wkhq vkrz +vhh Dsshqgl{,
wkdw lq erwk uhjlphv L dqg LL/ wkhvh zloo eh wkh ohdvw deoh lq vrflhw|/ l1h1
zrunhuv vxfk wkdw } 	 }fc zkhuh }f : f Ixuwkhupruh/ _}f*_7e : fc lpso|lqj
wkdw wkh wrwdo qxpehu ri nqrzohgjh frqvxphuv lqfuhdvhv zkhq LW lpsuryhv1
Wkh qhw hhfw rq wkh qxpehu ri nqrzohgjh surgxfhuv pd| eh hlwkhu srvlwlyh
ru qhjdwlyh1 Lq uhjlph LL/ wklv ghshqgv rq wkh vljq ri _}*_7ec l1h1 rq zkhwkhu
43Vhh Ehupdq hw do1 +4<<7, dqg rwkhu uhihuhqfhv phqwlrqhg lq wkh lqwurgxfwlrq1
4;
wkh lqfuhdvh lq wkh ohqjwk ri hdfk nqrzohgjh vhjphqw lv odujhu ru vpdoohu wkdq
wkh idoo lq }f Zh fdq suryh wkdw dv orqj dv }f lv vwulfwo| srvlwlyh/ _}*_7e : f
Wklv lpsolhv wkdw wkh wrwdo qxpehu ri nqrzohgjh surgxfhuv dfwxdoo| lqfuhdvhv/
dqg wkdw udwkhu wkdq kdylqj shrsoh glvsodfhg iurp wkh erwwrp ri odgghu 4
wr wkh wrs ri wkh rxwsxw surgxflqj vhjphqw/ wkh uhyhuvh rffxuv1 Krzhyhu/
iru odujh hqrxjk nqrzohgjh glvwdqfhv  iurp odgghu 3/ glvsodfhphqw wr wkh
suhfhglqj vhjphqw grhv rffxu/ vlqfh wkh hhfw ri wkh lqfuhdvh lq wkh ohqjwk
ri hdfk vhjphqw/ 

*? 
7e
c lv pxowlsolhg e|  Dv 7e ehfrphv vpdoo hqrxjk/ }f
lv hyhqwxdoo| htxdo wr }hur/ dqg wkh deryh dqdo|vlv dssolhv= ixuwkhu lpsuryh0
phqwv lq LW uhgxfh wkh qxpehu ri nqrzohgjh surgxfhuv dqg zrunhuv dw wkh
erwwrp ri hdfk odgghu duh glvsodfhg wr wkh suhfhglqj odgghu1 Wkh ghpdqg iru
nqrzohgjh kdv ehfrph lqhodvwlf dv wkh zkroh srsxodwlrq kdv ehhq lqfoxghg
lq wkh nqrzohgjh hfrqrp|144
815 Jurzwk
Dqrwkhu srvvleoh h{whqvlrq ri wkh prgho lv wr lqwurgxfh h{rjhqrxv jurzwk
lq wkh wrwdo idfwru surgxfwlylw| sdudphwhu  Lw lv qrw gl!fxow wr h{whqw rxu
surriv dqg frpsxwdwlrqv zkloh dvvxplqj wkdw  jurzv dw udwh %c srsxodwlrq
dw udwh ?c dqg wkdw wkh lqwhuhvw udwh lv o Wkh uhvxowv pxvw wkhq eh prglhg
dv iroorzv=
41 Lq sursrvlwlrq 4/ wkh lqglhuhqfh uhjlph qrz krogv iru 7e3
b
E3k 
kE n %*E n o dqg 7e  kE n %*E n o Dq lqfuhdvh lq WIS jurzwk
pdnhv wklv uhjlph wkhuhiruh ohvv olnho| wkdq wkh ixoo vshfldol}dwlrq uhjlph1
Ixuwkhupruh/
KWE} ’

keb}
7e
 n %
 n o
 
3k
dqg
44Wkhvh g|qdplfv duh vlplodu wr zkdw kdsshqv wr rwkhu qhz whfkqrorjlhv vxfk dv frq0
vxphu dssoldqfhv zkloh wkhlu glxvlrq iurp wkh wrs wr wkh erwwrp ri wkh glvwulexwlrq ri
lqfrph lv frpsohwhg1
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Shrsoh ghpdqg dqg dftxluh pruh kxpdq fdslwdo zkhq jurzwk lv idvwhu1
51 Lq sursrvlwlrq 5/ zh qrz kdyh }W| E} ’ } n

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7eEn?
dqg } ’ } ’
* *? d7eE n ?o  Idvwhu srsxodwlrq jurzwk uhgxfhv wkh ohqjwk ri d nqrzo0
hgjh vhjphqw/ l1h1 lqfuhdvhv wkh qxpehu ri vhjphqwv1 Ixuwkhupruh/
& ’ k7e
b
E3k
3 E n %E n ?
b
E3k
 n o
clpso|lqj wkdw zkhq hlwkhu srsxodwlrq ru WIS jurzv pruh txlfno|/ wkh uhwxuq
wr kxpdq fdslwdo lqfuhdvhv e| pruh zkhq rqh pryhv xs d nqrzohgjh odgghu1
Ilqdoo|/
KWE} ’

eb}
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3k 7e
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E3k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3*E3k
dqg
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 ’
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3
bk
E3k2 E n ?3k*E3kc +54,
lpso|lqj wkdw WIS jurzwk grhv qrw dhfw wkh glvwulexwlrq ri kxpdq
fdslwdo/ zkloh srsxodwlrq jurzwk uhgxfhv lw krprwkhwlfdoo|1
Wkhvh uhvxowv duh qrw gl!fxow wr xqghuvwdqg1 WIS jurzwk grhv qrw dhfw
wkh edodqfh ehwzhhq wkh vxsso| dqg ghpdqg ri nqrzohgjh lq whupv ri shr0
soh/ exw pdnhv lw pruh ydoxdeoh wr lqfuhdvh wkh txdolw| ri rqh*v nqrzohgjh
vxssolhu/ vlqfh lw lqfuhdvhv wkh pdujlqdo uhwxuq wr kxpdq fdslwdo wrpruurz
uhodwlyh wr lwv frvw wrgd|1 Dv d uhvxow/ wkh suhplxp wr txdolw| lqfuhdvhv/
zklfk pdnhv lw pruh olnho| wkdw vrph zrunhuv hqwluho| vshfldol}h lq nqrzo0
hgjh surgxfwlrq dqg/ lq wkdw uhjlph/ lqfuhdvhv lqhtxdolw| ehwzhhq nqrzohgjh
vhjphqwv +l1h1/ & Lq uhjlph L/ vrflhw| dftxluhv pruh kxpdq fdslwdo e| ex|0
lqj lw iurp pruh txdolhg zrunhuv1 Lq uhjlph LL/ wklv lv qrw srvvleoh dv doo
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kljk txdolw| zrunhuv duh douhdg| hqwluho| vshfldol}hg1 Wklv dwwhpsw lv lqvwhdg
uh hfwhg lq wkh zdjh vfkhgxoh/ zklfk ehfrphv vwhhshu dqg pruh frqyh{1 Dv
iru srsxodwlrq jurzwk/ lw lqfuhdvhv wkh ghpdqg iru nqrzohgjh lq whupv ri
shrsoh1 Lq uhjlph L/ wklv gulyhv shrsoh rxw ri wkh gluhfw surgxfwlrq dfwlylw|
lqwr nqrzohgjh surgxfwlrq1 Lq uhjlph LL/ wklv lqfuhdvhv wkh qxpehu ri shrsoh
zkr vshfldol}h lq nqrzohgjh zkloh iruflqj shrsoh wr ex| lw iurp orzhu txdo0
lw| zrunhuv1 Wkxv wkh uhvxowlqj glvwulexwlrq ri kxpdq fdslwdo lv zruvhqhg1
Ilqdoo|/ qrwh wkdw vrflhw| lv erwk pruh vhjphqwhg dqg pruh xqhtxdo1
9 Frqfoxglqj uhpdunv
Lqirupdwlrq whfkqrorjlhv doorz lqwdqjleoh jrrgv wr eh vsuhdg ryhu d odujhu
pdunhw1 Wkh fhqwudo phvvdjh ri wklv sdshu lv wkdw wkh| duh pruh olnho| wr
kdup shrsoh dw lqwhuphgldwh dqg kljk lqfrph ohyhov wkdq shrsoh dw wkh erw0
wrp/ dv wkh odwwhu duh pruh olnho| wr eh frqvxphuv udwkhu wkdq surgxfhuv ri
lqwdqjleoh jrrgv1 Li wklv sdshu phvvdjh*v lv wr eh eholhyhg/ zkloh lqirupdwlrq
whfkqrorj| pd| kdyh frqwulexwhg wr wkh revhuyhg ryhudoo lqfuhdvh lq lqhtxdo0
lw|/ rqh vkrxog qg rwkhu fxosulwv iru zkdw kdv kdsshqhg dw wkh orz hqg ri
wkh glvwulexwlrq ri lqfrph1
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DSSHQGL[
L1 SURRIV
SURRI ri Sursrvlwlrq 4  Li /EK ’ K wkurxjkrxw/ wkhq wkh |rxqj*v
rswlpl}dwlrq sureohp lv frqfdyh dqg wkh uvw0rughu frqglwlrq +8, lv qhfhvvdu|
dqg vx!flhqw1 Lw lv hdv| wr fkhfn wkdw lw lv htxlydohqw wr +:,/ zklfk suryhv
+ly,1 Vxevwlwxwlqj +:, lqwr wkh surgxfwlrq ixqfwlrq iru kxpdq fdslwdo suryhv
wkh uvw sduw ri +y,/ zkloh vxevwlwxwlqj +;, lqwr gh ghqvlw| ri } suryhv lwv
vhfrqg sduw1 Wkhq/ dsso|lqj +6, |lhogv +lll,1
Wr frpsohwh wkh surri/ zh kdyh wr vkrz wkdw wklv lv lqghhg dq htxloleulxp/
l1h1 wkdw wkh vxsso| ri rog zrunhu lq dq| jlyhq lqwhuydo lv dfwxdoo| odujhu wkdq
wkh ghpdqg iru nqrzohgjh surgxfhuv frplqj iurp wkh fruuhvsrqglqj |rxqj
zrunhuv1 Wkhuh duh e3}_} |rxqj zrunhuv ehwzhhq } dqg } n _} Wkh|
ex| nqrzohgjh iurp 7ee3}_} rog djhqwv1 Wkhlu delolw| pxvw olh ehwzhhq
}WE} dqg }WE} n }WE}_} Xvlqj +lll,/ zh vhh wkdw wkh wrwdo vxsso| ri vxfk
zrunhuv lv e3}

k
7e

3
E3k
b  Lw zloo eh juhdwhu wkdq wkh ghpdqg iru nqrzohgjh
surgxfhuv ri wkdw delolw| udqjh li dqg rqo| li
7ee3}  e3}
k
7e

3
E3k
b
c
zklfk lv fohduo| htxlydohqw wr +9,1
Ilqdoo|/ rqh kdv wr fkhfn wkdw KWEf  Kfc zklfk lv htxlydohqw wr

k
7e
 
3k
 

3k
k
7e
 k
3k
c
l1h1
k  7e
T1H1G1
SURRI ri sursrvlwlrq 5  Ohw xv vwduw iurp wkh nqrzohgjh dvvljqphqw
ixqfwlrq lq +l, dqg vkrz wkdw lw lv vxssruwhg e| d frpshwlwlyh htxloleulxp
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zklfk vdwlvhv +ll,0+y,1 Iluvw/ qrwh wkdw lq vxfk dq htxloleulxp wkh vxsso|
ri nqrzohgjh surgxfhg e| dq| w|sh }W pdwfkhv wkh ghpdqg frplqj iurp
wkh fruuhvsrqglqj w|sh } Wr vhh wklv/ qrwh wkdw wkhuh duh e3}_} zrunhuv
ehwzhhq } dqg }n_}c dqg wkdw wkhvh zrunhuv ex| nqrzohgjh iurp 7e e3}_}
vxssolhuv1 Wkh| ex| lw iurp zrunhuv ehwzhhq }WE} dqg }WE} n _}c dqg
wkhuh duh e3}
W
}WE}_} vxfk zrunhuv1 Xvlqj wkh ghqlwlrq ri }WE} lw lv
hdv| wr vhh wkdw wklv lv h{dfwo| htxdo wr 7e e3}_} Wkxv/ doo zrunhuv deryh
}WEf ’ } ’ E*? 7e* duh hqwluho| vshfldol}hg lq nqrzohgjh/ zkloh wkrvh
ehorz } surgxfh rxwsxw1
Qh{w/ zh vkrz wkdw wklv doorfdwlrq ri uhvrxufhv lv wkh rxwfrph ri lqgl0
ylgxdo rswlpl}dwlrq li zdjhv duh ghwhuplqhg e| +y, dqg li kxpdq fdslwdo lv
uhodwhg wr vnloov e| +ly, +zklfk lpsolhv/ dorqj zlwk +l,/ wkdw +lll, krogv,1
Shrsoh hohfw wkh kxpdq fdslwdo ohyho ri wkhlu nqrzohgjh vxssolhu KW e|
pd{lpl}lqj
4@ 
KW
/Eeb}KWk 7e/EKW
Rxu uvw vwhs lv wr vkrz wkdw KWE} vdwlvhv wkh uvw0rughu frqglwlrqv/ l1h1
wkdw lw lv d orfdo rswlpxp1 Wr vhh wklv/ uvw qrwh wkdw li } 5 d}c }noc wkhq
KWE} 5 dKE}nc KE}n2o Wr vdwlvi| wkh uvw0rughu frqglwlrq lw pxvw pd{lpl}h
&eb}KWk  7e&nKWc lpso|lqj wkdw wkh I1R1F lv
keb}KWk3  7e& ’ f
Wklv lv htxlydohqw wr
KWE} ’

keb}
7e&
 
3k
c
zklfk/ jlyhq wkh ghqlwlrq ri &c lv htxlydohqw wr +lll,1
Qh{w/ zh suryh wkdw wklv lv d joredo rswlpxp1 Jlyhq wkh frqyh{lw| ri wkh
zdjh vfkhgxoh dqg lwv olqhdulw| zlwklq hdfk lqwhuydo dKE}c KE}no lw lv fohduo|
dq rswlpxp dprqj doo wkh ydoxhv ri KW vxfk wkdw wkh uhvxowlqj kxpdq fdslwdo
ri wkh lqglylgxdo zlwk delolw| } uhpdlqv zlwklq dKE}c KE}no Frqvlghu qrz
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zkdw kdsshqv li lqglylgxdo } wulhv wr jhw d ohyho ri kxpdq fdslwdo K lq wkh
dKE}nc KE}n2o lqwhuydo1 Xqghu rxu dvvxphg nqrzohgjh dvvljqphqw ixqfwlrq/
lqglylgxdo }n ex|v nqrzohgjh iurp lqglylgxdo }n2c zklfk jlyhv klp d ohyho
ri kxpdq fdslwdo htxdo wr KE}n Jlyhq wkdw } 	 }nc lq rughu wr jhw wkh
ghvluhg ohyho ri kxpdq fdslwdo/ lqglylgxdo } pxvw ex| nqrzohgjh iurp vrph
} : }n2c l1h1 iurp vrph K
 : KE}n2 Frqvhtxhqwo|/ wr jhw d pdujlqdo
zdjh htxdo wr &nc lqglylgxdo } pxvw sd| d pdujlqdo zdjh dw ohdvw htxdo
wr &n2c l1h1 htxdo wr &6c zlwk 6   n 2 Jlyhq wkdw K : KWE}c lw
pxvw eh wkh fdvh wkdw k&neb}Kk3  7e&6 	 f iru doo K vxfk wkdw
K 5 dKE}nc KE}n2oc zklfk lpsolhv +e| frqwlqxlw| dqg frqyh{lw| ri wkh zdjh
vfkhgxoh, wkdw wkh ehvw lqglylgxdo } fdq gr lv wr slfn xs K ’ KE}n Exw
vlqfh KE}n 5 dKE}c KE}no dqg vlqfh K
WE} pd{lpl}hv }*v zhoiduh iru wkh
uhvxowlqj K lq dKE}c KE}noc wklv fohduo| jhqhudwhv ohvv xwlolw| wkdq slfnlqj
KWE}
Wklv dujxphqw fdq eh h{whqghg e| lqgxfwlrq dv iroorzv= wr uhdfk vrph
K lq dKE}nc KE}n2oc   c lqglylgxdo } pxvw ex| kxpdq fdslwdo iurp dq
djhqw zlwk kxpdq fdslwdo juhdwhu wkdq KE}n2c lpso|lqj wkdw wkh pdujlqdo
zdjh kh sd|v lv juhdwhu wkdq wkh rqh kh jhwv e| d idfwru dw ohdvw dv odujh
dv & Wklv lpsolhv djdlq wkdw wkh rswlpxp lq wkdw lqwhuydo lv K ’ KE}nc
zklfk |lhogv d xwlolw| qr juhdwhu wkdq wkh rswlpxp lq wkh suhfhglqj lqwhuydo
dKE}c KE}no Wkxv/ e| lqgxfwlrq/ doo wkhvh rswlpd duh lqihulru wr wkh rqh
zkhuh wkh djhqw slfnv KWE}
D vlplodu lqgxfwlrq dujxphqw fdq eh pdgh zlwk uhvshfw wr ydohv ri K lq
lqihulru lqwhuydov1
Wkhuhiruh/ jlyhq wklv nqrzohgjh dvvljqphqw ixqfwlrq dqg wklv zdjh vfkhg0
xoh/ lw lv lqghhg rswlpdo iru hdfk } wr ex| nqrzohgjh iurp KWE} Wklv lq wxuq
ydolgdwhv +lll, dqg +ly,/ zkloh wkh zdjh vfkhgxoh lpsolhv wkh vshfldol}dwlrq
sdwwhuq lq +ll,1 Wkhuhiruh/ zh gr kdyh dq htxloleulxp1T1H1G1
SURRI ri sursrvlwlrq 6  +l,/ +ll,/ dqg +lll, iroorz gluhfwo| iurp sursrvl0
wlrq 51 Ohw xv qrz suryh +ly,1 Frqvlghu d idoo lq 7e iurp 7e wr 7e 	 7ec zkhuh
7e lv duelwudulo| forvh wr 7e Ohw xv dvvxph +46, krogv1 Wr suryh wkdw doo
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zrunhu w|shv jdlq/ zh suryh wkdw wkh qhz fulwlfdo w|shv } doo jdlq1 Ehfdxvh
wkh zdjh vfkhgxoh lv slhfh0zlvh olqhdu dqg frqyh{ lq eb}*E3kc lw lv hqrxjk wr
suryh wkdw lwv nlqnv duh doo deryh lwv suhylrxv orfdwlrq wr suryh wkdw lw vkliwv
xs hyhu|zkhuh +rwkhuzlvh frqyh{lw| zrxog eh ylrodwhg,1 Wkxv/ zh kdyh wr
suryh wkdw
   n&

f dKE} Ko c +55,
zkhuh vxevfulsw  +uhvs1 , uhihuv wr yduldeohv dqg ixqfwlrqv fruuhvsrqglqj
wr 7e ’ 7e +uhvs1 7e ’ 7e  Wklv irupxod vd|v wkdw wkh qhz zdjh dw nlqn 
pxvw eh juhdwhu wkdq wkh zdjh ri wkh vdph w|sh lq wkh rog zdjh vfkhgxoh
+zkhuh wklv w|sh zdv lq wkh lqwhulru ri odgghu ,1
Zh suryh wklv lqhtxdolw| e| lqgxfwlrq1 Iluvw/ qrwh wkdw lw lv wulyldoo|
vdwlvhg iru  ’ f Qh{w/ dvvxph wkdw lw lv vdwlvhg iru  Zh zrxog olnh wr
vkrz wkdw lw lv wkhq vdwlvhg iru n c l1h1 wkdw
nc  nc n&
n
f dKE}nc  Knco 
Xvlqj wkh uhfxuvlyh odz +44,/ zh vhh wkdw wklv lv htxlydohqw wr
 n&

 dKnc  K o   n&

 dKnc  Ko n&
n
 dKE}nc Knco c
+56,
Li +55, krogv/ wkhq d vx!flhqw frqglwlrq iru +56, wr krog lv
& dKnc  K o  &

 dKnc  Ko
n&n dKE}nc Knco &

f dKE} Ko
’ & dKnc  KE} o n&
n
 dKE}nc Knco
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Xvlqj wkh irupxodh ri sursrvlwlrq 5 dqg dvvxplqj wkdw 7e ’ 7eE  >c
zlwk > c zh jhw wkdw wklv lv htxlydohqw wr


7e3
b
E3k  
kb
E k
7e3 n
b
E k

n
bk
E k2

7e3
b
E3k  

n
b
E k
7e3
b
E3k  k7e3
b
E k
 f
Wklv zloo krog iru doo   f li wkh whup lq eudfnhw lv dozd|v srvlwlyh dv zhoo
dv wkh vxp ri doo wkh rwkhu whupv1 Iru wkh whup lq eudfnhwv/ wklv lv htxlydohqw
wr
7e3
b
E3k  7eE
b
E k
 n
kb
E k

Qrwh wkdw +<, lpsolhv b
E3k
	 c vr wkdw wkh UKV lv d olqhdu frpelqdwlrq
ehwzhhq 7e dqg k Qrwh dovr wkdw wkh OKV lv lqfuhdvlqj dqg frqfdyh lq 7ec vr
wkdw wklv ghqhv d +srvvleo| hpsw|, lqwhuydo defc eo c zlwk f 	 ef 	 e 	 4
Qh{w/ qrwh wkdw iru 7e ’ k

3 b
E3k 	 k lw krogv vlqfh wkh OKV lv htxdo wr
k dqg wkh UKV lv vpdoohu wkdq k Wkhuhiruh/ ef 	 k

3 b
E3k 	 e dqg wklv
lqhtxdolw| krogv ryhu vrph lqwhuydo ri ydoxhv ri 7e juhdwhu wkdq }hur exw vpdoohu
wkdq wkh pd{lpxp iru zklfk +<, krogv/ k

3 b
E3k  Ohw de2c k

3 b
E3k o eh vxfk
dq lqwhuydo1
Wxuqlqj qrz wr wkh odvw whup/ lw lv srvlwlyh li dqg rqo| li
7e3
b
E3k  k7en E kk
Wh UKV lv djdlq d olqhdu frpelqdwlrq ehwzhhq 7e dqg k Uhshdwlqj wkh
vdph uhdvrqlqj zh fdq vkrz wkdw wklv lqhtxdolw| krogv ryhu vrph qrq0hpsw|
lqwhuydo

ec k

3 b
E3k

 Frqvhtxhqwo|/ rxu uhdvrqlqj e| lqgxfwlrq lv ydolg iru
7e 5

4@ Ee2c ec k

3 b
E3k


Wklv frpsohwhv wkh surri ri +ly,1 Ohw xv qrz suryh +y,1 Zh mxvw frqvlghu
wkh zdjh ri djhqw } c zkr ghqhv wkh uvw nlqn lq wkh qhz zdjh vfkhgxoh1
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Klv zdjh lv vlpso| htxdo wr
/EK  ’  ’ K +57,
’ 

3k 7e
3
b
E3k2
 
Klv zdjh sulru wr wkh idoo lq 7e fdq eh frpsxwhg xvlqj wkh uhohydqw irupxod
iru odgghu 4=
/EK ’  n& dKE} Ko
’ 

3k 7e
3
b
E3k2
 nk7e
b
E3k
3




3k 7e
3
bk
E3k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 7e
3
b
E3k
 

3k 7e
3
b
E3k2



Frpsdulqj wklv zlwk +57,/ zh vhh wkdw wkh zdjh ri wklv w|sh ri zrunhu
zloo lqfuhdvh li dqg rqo| li
7e
3
b
E3k2
  7e
3
b
E3k2

7e
3
b
E3k
  7e
3
b
E3k

 k7e
bE32k
E3k2
3
 
Xvlqj djdlq 7e ’ 7eE >c zlwk > zh jhw wkdw wklv lv htxlydohqw wr
7e
3 b
E3k
f  kE k
Frqvhtxhqwo|/ li wklv lqhtxdolw| lv ylrodwhg/ phdqlqj wkdw 7ef lv wrr vpdoo/
wkhq wkh zdjhv ri wklv w|sh ri djhqw idoov1 Wr suryh wkdw wkh zdjhv ri djhqwv
glvsodfhg iurp kljkhu vhjphqwv dovr idoo/ rqh fdq mxvw uhsolfdwh wkh deryh
surri e| lqgxfwlrq/ lqyhuwlqj vljqv dqg dvvxplqj 7e  4?Ee2c e Wkxv +y,
krogv iru 7e  4?Ee2c ec dkE ko

3 b
E3k 
Ilqdoo|/ wr suryh wkdw zdjhv hyhqwxdoo| ulvh/ qrwh wkdw dq| {hg zrunhu
w|sh } hqgv xs lq wkh gluhfwo| surgxfwlyh dfwlylw| dv 7e jrhv wr }hur/ dqg wkdw
klv kxpdq fdslwdo KE} wkhq jrhv wr lqqlw|/ dv grhv klv zdjh K T1H1G1
SURRI ri sursrvlwlrq 7 Zh zdqw wr frqvwuxfw dq htxloleulxp sdwk vxfk
wkdw wkh vhjphqwv duh frqvwdqw dqg htxdo wr wkhlu orqj0uxq ohyho dv ghwhuplqhg
e| sursrvlwlrq 51 Iluvw/ qrwh wkdw wkh nqrzohgjh dvvljphqw ixqfwlrq }WE}
5:
uhdol}hv htxdolw| ri vxsso| dqg ghpdqg iru hdfk w|sh ri nqrzohgjh surgxfhu
dw dq| gdwh1 Ixuwkhupruh/ li lw dssolhv/ lw qhfhvvdulo| lpsolhv +ll,1 Zkdw lv
wkh lpsolhg hyroxwlrq ri kxpdq fdslwdoB Li dw gdwh | lw lv jlyhq e| +4;,/ wkhq
xvlqj }WE} dqg rxu kxpdq fdslwdo surgxfwlrq ixqfwlrq lw lv hdv| wr vhh wkdw
dw |n lw lv ghwhuplqhg e| +4;, zlwk | uhsodfhg zlwk |n dqg ~|n dv ghqhg
e| +4<,1 Wklv suryhv +lll,/ zklfk wulyldoo| lpsolhv +ll,1 Qh{w/ qrwh wkdw li /|
lv wkh zdjh vfkhgxoh dw |c wkhq d |rxqj dw gdwh | hohfwv wkh kxpdq fdslwdo ri
klv nqrzohgjh vxssolhu KW e| pd{lpl}lqj
/|nEe
b}KWk 7e/|EK
W
Wkh uvw0rughu frqglwlrq lv htxlydohqw wr
/|EK
W
| E}
/|nEK|nE}
’ keb}KW| E}
k37e3
Krzhyhu/ xqghu rxu fdqglgdwh htxloleulxp sdwk zh kdyh
KW| E} ’ K|E}
WE} ’ ~|e
b}
3k 7e3
b
E3k 
Soxjjlqj wklv lqwr wkh suhfhglqj irupxod zh jhw
/|EK
W
| E}
/|nEK|nE}
’ k~k3| 7e
b*3 +58,
Jlyhq wkdw } ehorqjv wr wkh vhjphqw suhfhglqj wkdw ri }WE}c rqh fdq
fkhfn wkdw +y, lpsolhv wkdw wklv krogv1 Ixuwkhupruh/ li +43, dqg +49, krog/
+y, ghqhv d zdjh vfkhgxoh zklfk lv frqyh{ dqg slhfh0zlvh olqhdu1 Rqh fdq
wkhq uhsolfdwh wkh lqgxfwlrq dujxphqw ri wkh surri ri sursrvlwlrq 5 wr vkrz
wkdw vxfk d zdjh vfkhgxoh lpsolhv wkdw KWE} lv qrw rqo| d orfdo rswlpxp exw
dovr d joredo rqh1 Ixuwkhupruh/ jlyhq wkdw zdjhv lq wkh uvw vhjphqw duh
K dqg wkdw wkh| duh vxshulru wr K iru kljkhu odgghuv/ wklv zdjh vfkhgxoh
wulyldoo| lqgxfhv wkh uljkw vshfldol}dwlrq1 Wkhuhiruh/ zh kdyh suryh wkdw wkh
dvvljqphqw ixqfwlrq ghqhg lq +l, dorqj zlwk wkh zdjh vfkhgxoh ghqhg lq
+y, lqghhg vxssruw dq htxloleulxp sdwk dorqj zklfk +ll,/+lll, dqg +ly, duh
vdwlvhg1 T1H1G1
5;
QE  Wr frqvwuxfw wkh zdjh vfkhgxoh xvlqj wkh qhfhvvdu| frqglwlrq +58,
rqh fdq vlpso| zrun e| edfnzdug lqgxfwlrq vwduwlqj iurp wkh pdujlqdo zdjh
ri odgghu f dw dq duelwudu| wlph r Lw pxvw eh htxdo wr  +58, dssolhg wr
| ’ r   wkhq doorzv wr frpsxwh wkh pdujlqdo zdjh ri odgghu  dw r  
Dsso|lqj lw djdlq wr | ’ r  2 zh fdq wkhq uhfryhu wkh pdujlqdo zdjh ri
odgghu 5 dw | ’ r 2c dqg vr iruwk1
SURRI ri Sursrvlwlrq 8  Wr suryh +l,/ mxvw qrwh wkdw wkh lqfrph ri d
zrunhu zlwk kxpdq fdslwdo K lq vhjphqw 4 lv vwulfwo| juhdwhu wkdq Kc zkloh lw
lv h{dfwo| htxdo wr K li wkh vdph zrunhu zhuh lq vhjphqw 31 Qh{w/ qrwh wkdw
wkh rog ri wkh lqlwldo jhqhudwlrq kdyh wkhlu kxpdq fdslwdo suhghwhuplqhg/ vr
wkdw wkh| qhfhvvdulo| orvh zkhq prylqj iurp vhjphqw 4 wr vhjphqw 31 Qh{w/
qrwh wkdw wr fkdudfwhul}h dgmxvwphqw g|qdplfv/ zh fdq xvh sursrvlwlrq 7/
vlqfh iru dq| lqlwldo ydoxh ri 7e wkh orqj0uxq glvwulexwlrq ri K kdv wkh ixqfwlrqdo
irup ghqhg e| +48,1 D idoo lq 7e lpsolhv wkdw ~| ulvhv prqrwrqlfdoo| wr lwv
qhz/ kljkhu/ orqj0uxq ohyho dorqj wkh frqyhujhqfh sdwk1 Wklv lv dq lpsolfdwlrq
ri +4<, dqg +43,1 Wkxv/ zh kdyh suryhg +l, dqg +ll,1 Ilqdoo|/ wkh uhodwlyh
pdujlqdo uhwxuq wr kxpdq fdslwdo ehwzhhq wzr frqvhfxwlyh odgghuv lv vlpso|
ghwhuplqhg e|
lnc|
l|
’ ~k3|n

k7eb*3


Jlyhq wkdw k 	  dqg wkdw ~| lqfuhdvhv zlwk |c wklv lv fohduo| idoolqj zlwk
erwk | dqg c wkxv surylqj +lll, dqg +ly,1 T1H1G1
LL1 H[WHQVLRQ
Hodvwlf ghupdqg iru nqrzohgjh
Zh dvvxph wkdw li vrphrqh grhv qrw ex| nqrzohgjh klv kxpdq fdslwdo lv
K ’ eb} Lw lv wkhq qrw gl!fxow wr fkhfn wkdw rqh fdq frqvwuxfw htxloleuld
vlplodu wr wkh rqhv ghulyhg lq sursrvlwlrqv 4 dqg 5 e| vlpso| wudqvodwlqj wkhp
wr wkh uljkw e| d glvwdqfh }f rq wkh } d{lv/ zkloh frqvwuxfwlqj }f vxfk wkdw
shrsoh zlwk } 	 }f gr qrw ex| nqrzohgjh/ zkloh }f lv lqglhuhqw1
5<
Lq uhjlph L/ wkh zhoiduh ri dq djhqw } zkr ex|v nqrzohgjh iurp KWE} lv
jlyhq e|
E} ’ KE} 7eKWE}
’ 

3kk
k
3k e
b}
3k 7e3
k
3k E k
Wklv lv orzhu wkdq qrw ex|lqj nqrzohgjh dw doo li dqg rqo| li


3kk
k
3k e
b}
3k 7e3
k
3k E k  eb}
Wkhuhiruh/ qrq ex|huv duh ghqhg e| } 	 }fc zlwk }f ghwhuplqhg e|
}f ’

b
*? 7en
 k
kb
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
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k
E k

3kk
k
3k
l
Wklv pd| eh srvlwlyh li  odujh hqrxjk dqg 7e qrw wrr vpdoo/ dqg lw lv
fohduo| lqfuhdvlqj lq 7e
Rqh whfkqlfdo ghwdlo lv wkdw lw pd| qrw eh ihdvleoh wr ex| nqrzohgjh iurp
dq djhqw zlwk K ’ KWE} ehfdxvh wkhuh lv d kroh lq wkh glvwulexwlrq ri K dv rqh
sdvvhv wkh }f wkuhvkrog= KE} mxpsv dw } ’ }f Krzhyhu wklv lv qrw wuxh iru
} : }f  0c vlqfh wkh dvvxpswlrq k  7e lpsolhv K
WE} : KE} Vr wkh irupxod
ghwhuplqlqj wkh lqglhuhqfh wkuhvkrog }f lv fruuhfw/ vlqfh shrsoh durxqg wkdw
ohyho fdq dfwxdoo| ex| wkhlu suhihuuhg nqrzohgjh ohyho KWE} Wkh rqo| shrsoh
zkr frxog qrw gr vr duh wkrvh iru zkrp } lv orz hqrxjk uhodwlyh wr }f Exw
wklv ixuwkhu uhgxfhv wkhlu ydoxh ri ex|lqj nqrzohgjh/ zklfk lv orzhu wkdq eb}
dq|zd|1 Vr wdnlqj lqwr dffrxqw wklv gl!fxow| grhv qrw dowhu rxu frqfoxvlrqv1
Wr suryh wkdw zh kdyh frqvwuxfwhg dq htxloleulxp/ mxvw uhsurgxfh wkh surri
ri surs1 41
Lq uhjlph LL/ zh fdq frqvwuxfw d vlplodu wudqvodwhg htxloleulxp1 Vlqfh
shrsoh mxvw dw wkh uljkw ri }f zrxog ex| nqrzohgjh iurp shrsoh mxvw dw wkh
erwwrp ri vhjphqw 4/ d zrunhu zlwk } ’ }f h{dfwo| zrxog ex| nqrzohgjh
iurp } ’ } h{dfwo|1 Zh frqvwuxfw }f vr wkdw lw lv lqglhuhqw derxw ex|lqj
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nqrzohgjh/ zklfk lv htxlydohqw wr
KE}f7eK
WE}f ’ 
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3k e
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3k E7e
3
bk
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E3k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 +59,
’ eb}f
Wr suryh wkdw zrunhuv zlwk } : }f suhihu wr dftxluh nqrzohgjh/ zh vkrz
wkdw _*_} lv juhdwhu xqghu nqrzohgjh dftxlvlwlrq iru dq| } : }f
45Wklv lv
htxlydohqw wr
/EKE}KE} 7e/EKWE}KWE} : beb}
Xvlqj wkh uhvxowv ri sursrvlwlrq 546/ zh vhh wkdw wklv lv htxlydohqw wr
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: E k
Uhduudqjlqj/ dqg xvlqj wkh ghqlwlrq ri }fc zh vhh wkdw wklv lv htxlydohqw
wr
7e
b
E3k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k
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e
kb}f
3k
l
: &ne
bk}
3k  E k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kb}f
3k 
Soxjjlqj lq wkh ghqlwlrq ri & dqg uhduudqjlqj zh jhw wkdw wklv lv htxly0
dohqw wr
&nebkE}3}f*E3k : &  kc
zklfk lv wulyldoo| wuxh jlyhq wkdw & :  dqg } : }f
Qh{w/ zh suryh wkdw zrunhuv zlwk } 	 }f suhihu qrw wr dftxluh nqrzohgjh1
Fohduo|/ wkh| zloo qrw dftxluh pruh nqrzohgjh wkdw w|sh }fc l1h1 wkh| zrxog
45Lw lv hqrxjk wr suryh wkdw lq doo wkh srlqwv zkhuh x lv glhuhqwldeoh/ vlqfh x lv frqwlqxrxv
dqg lv qrw glhuhqwldeoh rqo| iru d frxqwdeoh vhw ri lvrodwhg srlqwv1
46Pruh suhflvho|/ xvlqj wkh surshuwlhv ri wkh wudqvodwhg htxloleulxp zh duh frqvwuxfwlqj/
zklfk duh wkh vdph dv lq sursrvlwlrq 5/ xs wr d wudqvodwlrq e| d glvwdqfh 4@ oq+4@h,=
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ex| nqrzohgjh iurp vrpherg| zlwk kxpdq fdslwdo K 	 KWE}f ’ KE} Wkxv
wkh| zloo suhihu qrw wr dftxluh nqrzohgjh li iru doo vxfk K zh kdyh
eb}Kk  7eK 	 eb} +5:,
Ohw KE} eh wkh ydoxh ri K zklfk jlyhv wkh xqfrqvwudlqhg pd{lpxp ri wkh
OKV/ l1h1
KE} ’

k
7e
eb}
 
3k
 +5;,
Dvvxph wkdw KE} 	 KWE}f1 Wkhq wkh pd{lpxp ihdvleoh ydoxh ri wkh OKV
ri +5:, lv dwwdlqhg dw K ’ KE} Frqvhtxhqwo|/ lw lv jlyhq e|


3k eb}*E3k
k
7e
 
3k
k
 

3k eb}*E3k7e3k*E3k
k
7e
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3k

Xvlqj wklv h{suhvvlrq dqg wkh ghqlwlrq ri }fc zh vhh wkdw +5:, krogv li
dqg rqo| li
ebE}3}f*E3k7e3
k
3kk
k
3k E k 	 7e
3
bk
E3k2  7e
3 b
E3k2  +5<,
Ixuwkhupruh/ xvlqj +5;, dqg wkh irupxodv ri sursrvlwlrq 5/ zh vhh wkdw
wkh lqhtxdolw| KE} 	 KWE}f lv htxlydohqw wr
e
kbE}3}f
3k 	 7e
3
bk
E3k2 7e
k
3kk3
k
3k 
Soxjjlqj wklv lqwr wkh OKV ri +5<,/ zh vhh wkdw lw krogv li
k : 7e
3 b
E3k c
zklfk lv wuxh vlqfh +<, krogv1
Qh{w/ frqvlghu wkh fdvh zkhuh KE} : KWE}f Wkhq wkh pd{lpxp ihdvleoh
ydoxh ri wkh OKV +5:, lv dwwdlqhg dw K ’ KWE}f Lw lv wkhuhiruh jlyhq e|


3k Eeb}e
bk}f
3k 7e
3
bk
E3k2  e
b}f
3k 7e
3 b
E3k2 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Xvlqj wkh ghqlwlrq ri }fc dqg uhduudqjlqj/ lw iroorzv wkdw +5:, krogv li
dqg rqo| li
f 	 7e
3 b
E3k2 e
bk}f
3k Eeb}f  eb}c
zklfk dozd|v krogv vlqfh }f : }
Wklv frpsohwhv wkh ghwhuplqdwlrq ri }f dqg wkh surri wkdw shrsoh ex|
nqrzohgjh li dqg rqo| li }  }f Wr frpsohwh wkh frqvwuxfwlrq ri wkh htxlole0
ulxp/ rqh vlpso| xvhv wkh vdph vwhsv dv lq wkh surri ri sursrvlwlrq 5 zkhuh
}f lv qr orqjhu qhfhvvdulo| htxdo wr }hur1
Ilqdoo|/ qrwh wkdw iru  : fc +59, ghqhv d ydoxh ri }f zklfk lv idoolqj
zkhq 7e idoov dqg hyhqwxdoo| ehfrphv qhjdwlyh/ lq zklfk fdvh zh duh lq wkh
uhjlph ri sursrvlwlrq 51
Wr ghwhuplqh zkhwkhu } ulvhv ru idoov zlwk 7ec zh glhuhqwldwh wkh iroorzlqj
h{suhvvlrq/ xvlqj +59,=
} ’ }f n
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
7e

Zh jhw
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7e
n
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Uhduudqjlqj zh vhh wkdw zh kdyh _}*_7e  f li dqg rqo| li
k7e
b
E3k
3
 kn
 k
k
E
E k
b

Wklv lv wuxh jlyhq wkdw lq uhjlph LL wkh OKV lv juhdwhu wkdq 4 dqg wkdw
 : b Wklv suryhv wkh idfw wkdw dv orqj dv }f : fc d idoo lq 7e lqfuhdvhv wkh
qxpehu ri nqrzohgjh surgxfhuv1
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